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An entrance model is presented which extends the analysis of the flow development in the
entrance region to flow regimes which are inadequately described by a boundary-layer analysis.
Results are presented for the numerical solutions of the boundary-layer equations and the
complete equations of motion at five different Reynolds numbers. The effect of the axial dif-
fusion of vorticity on the pressure drop, entrance length, and development of the vorticity ond

velocity fields is demonstrated.

Since the pioneering work of Prandtl early in this cen-
tury, boundary-layer theory has provided the principal
basis for the theoretical analysis of laminar flow phe-
nomena near solid boundaries. It is now possible to con-
duct a more rigorous analysis of laminar flows, since the
development of high-speed computers and sophisticated
numerical techniques permit the solution of the complete
set of field equations describing a particular fluid motion.
In this paper, the development of the steady, laminar flow
of an incompressible Newtonian fluid in the entrance of
a circular tube is analyzed by the numerical solution of
both the boundary-layer equations and the complete
equations of motion.

In both the theoretical analysis and the qualitative de-
scription of this flow situation, it is useful to consider the
development of the corresponding vorticity field. [An ex-
cellent discussion of vorticity and its relation to the de-
velopment of fluid flows has been presented by Lighthill
(9) 1. In an idealized entrance, fluid iitially free of vor-
ticity develops a vorticity field as it enters the conduit.
The vorticity, which is imparted to the fluid, is continu-
ously generated at the solid surface of the tube in just
the amount required to maintain the nonslip condition of
the tangential velocity. This vorticity is then transported
from the conduit wall by convective and diffusive flows.
In boundary-layer theory the axial diffusion of vorticity
and all terms of the same order of magnitude are assumed
to have negligible effect on the development of flow.

In previous studies which employed the boundary-layer
equations, it has been assumed that a uniform velocity
profile exists at the entrance of the tube. However, when
the complete equations of motion, including terms which
describe the axial diffusion of vorticity, are solved, the
boundary conditions in the region preceding the tube
entrance must be specified. This is due to the fact that
under certain conditions the developing velocity field in
the entrance section of the tube will significantly influ-
ence the velocity field in the upstream region. The en-
trance model considered in this analysis has been defined
so that the velocity profile at the entrance reduces to the
plug flow case when the boundary-layer assumptions are
imposed. It should be noted that the entrance configura-
tion used here is the only entrance model which will pre-
dict exactly a uniform velocity profile at the tube en-
trance when axial diffusion of vorticity is neglected.
Therefore, this model permits a direct extension of the
previous boundary-layer studies.
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In the proposéd model, the region upstream from the
entrance is considered to be a stream tube of the same
diameter as the tubular conduit. This stream tube is as-
sumed to be impermeable, frictionless, and infinite in ex-
tent. Since the fluid in the stream tube far upstream from
the pipe entrance is considered void of vorticity, this
model presents a very sensitive test of the effect of the
axial diffusion of vorticity on the velocity profile develop-
ment, because the only solid surface which is available
for the generation of vorticity is the wall of the conduit.
There exist no solid surfaces upstream to complicate the
vorticity field. To complete the model, the circular con-
duit is considered to be infinite in extent with a fully de-
veloped parabolic velocity profile existing far downstream
from the entrance.

This entrance model will be exact only for the unusual
physical situation in which the tube is Elaced in a flow-
ing stream with the particular property that the resistance
to flow is the same for the fluid entering and bypassing
the tube. Such a flow situation is difficult to realize
exactly physically. However, the results that follow show
that the analysis based on this model should be a good
approximation for any entrance configuration which at-
tempts to produce plug flow at the entrance. This is so
because the effective length of the stream tube proves to
be less than one tube diameter. In other words, the effects
of the axial diffusion of vorticity are significant only in
a very short region upstream from the entrance of the
conduit. Preliminary considerations neglecting axial vor-
ticity transport by diffusion indicate that most entrance
configurations should produce approximately uniform
velocity profiles at the tube entrance. One familiar ex-
ample is the flow from a large reservoir through a well-
rounded entrance duct. Even though the axial diffusion
of vorticity from the tube wall will not permit the exist-
ence of a uniform profile right at the entrance, the fluid,
a very short distance upstream, will be out of the influ-
ence of this vorticity and should closely approach uni-
form flow. Hence, the entrance model analyzed in this
study should give a reasonable approximation to the up-
stream flow field in the region immediately adjacent to
the tube entrance.

In this study we could have taken the alternative ap-
proach of ana?;rzing an exact representation of a specific
experimental entrance configuration. However, most such
entrances involve complex upstream geometries which
are difficult to describe mathematically and which greatly
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Fig. 1. Vorticity distribution, Nr, = 250.

complicate the numerical solution. In addition, each such
solution would be specific and would offer limited infor-
mation toward a general understanding of flow develop-
ment in tubes. Like its precursors, which are the bound-
ary-layer solutions of entrance flow with initial uniform
velocity profiles, this study is an attempt to describe a
flow situation which can ge considered a good approxi-
mation to many speciﬁc cases. However, extensive experi-
mental data in the Reynolds number range in which the
results of this study deviate from a boundary-layer analy-
sis are needed before the applicability of this entrance
model to a variety of real systems can be completely
justified.

It should be noted that a similar stream tube model
has been used by Wang and Longwell (13) in their ana-
lysis of flow development between parallel plates at a
Reynolds number of 300. This model is exact for the case
of an infinite set of parallel plates submerged in a fluid
of uniform motion. Another example of a numerical solu-
tion of the elliptic equations of motion for a different
physical situation is the recent work of Paris and Whita-
ker (11).

Although the axial diffusion of vorticity is effective only
for a small distance upstream, very significant changes in
the velocity profile can occur in this region. Solution of
the complete set of field equations for this stream tube
model extends the analysis of flow development in tubes
to flow regimes which are inadequately described by a
boundary-layer analysis. In addition, a comparison of the
numerical solutions of the complete set of field equations
and the boundary-layer equations indicates the conditions
under which the boundary-layer assumptions can be con-
sidered valid. ‘

DEVELOPMENT OF EQUATIONS

For the entrance configuration described above we con-
sider the isothermal, steady state, laminar flow of an in-
compressible Newtonian fluid with constant viscosity. The
analysis is further restricted either to any pipe with grav-
ity neglected or to a vertical pipe with the body force
term incorporated into the pressure gradient (I). These
restrictions make it possible to assume symmetry in the
azimuthal direction and to set the velocity in this direc-
tion everywhere equal to zero. Consequently, the dimen-
sionless forms of the equations of motion and the con-
tinuity equation become

v oV 1 o
Ve—4+U—=— —_
or 0z Ug2e or
2 v 18V V v
SR A (1)
Ng. \ o2 r or 12 az2

Page 838

A.l.Ch.E. Journal

oU oU
v gL
or 9z Us2p oz
2 92U 1 98U + aZU) 2)
Nge ar? r or 022 (
)\ \' oU

f—f—= (3)

Since it proves to be more convenient to work in terms
of a stream function and a vorticity, the dimensionless
stream function ¢ is introduced in the usual manner:

__ Lo

U= r or (4)
1y

V=% (5)

It is evident from Equations (4) and (5) that the stream
function satisfies the dimensionless continuity equation
identically. Furthermore, for this flow field, the only non-
zero component of the vorticity vector (12)

gl
@' = —— g ; (8)
g
is the azimuthal physical component
oV aU
0= ——— (7
9z ar

Differentiation of Equation (1) with respect to z, dif-
ferentiation of Equation (2) with respect to r, subtraction
of the resultant two equations, substitution of Equations
(4), (5), and (7), and utilization of the continuity equa-
tion give

©w O 1 9¢ do 1 % do
TP v ar 1 or oz
=_“7‘__(_1921+ii“.’___“’_+ 32"’) (8)
Nge \ 012 r or 12 922

A more general derivation of Equation (8), usually re-
ferred to as the vorticity transport equation, is given in
the Appendix. The terms on the left-hand side of this
equation represent convective flow of the azimuthal com-
ponent of the vorticity vector and vorticity generation
due to the deformation of vortex tubes, whereas those
on the right-hand side describe the radial and axial dif-
fusion of this vorticity component. Substitution of Equa-
tions (4) and (5) into Equation (7) gives the necessary
additional relationship between the vorticity and the
stream function:
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Fig. 2. Vorticity distribution, Nre = 1.
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Fig. 3. Velocity distribution, Nre = 0, kr = 3.0, ks = 0.75.

For the infinite region composed of the stream tube
and the real tube, the following boundary conditions are
applicable:

U=V=y=(d4/dr) =0 for r=1, 2>0 (10)

(U/or) =V=0=0,y=1/2forr=0,— 0 <z< ®
(11)

(U/ar) =V=w=y=0forr=1,2<0 (12)
V=0=0,U=1,y=1/2(1—12) for 2= — ¢o,

0=r=1 (13)
V=0, U=2(1—1), o=4r,

y=12(1/2—-1)4+1/2forz=+ 0, 0=r=1 (14)

Equation (12) illustrates the absence of any generation
of Vorticitii at the impermeable stream tube wall due to
the zero shear stress at this surface.

Solution of Equations (8) and (9) with boundary con-
ditions given by Equations (10) to (14) leads to a com-
plete description of the velocity and pressure fields for
the system under consideration. However, there arise two
principal difficulties in the derivation of the desired solu-
tion. First, there is the absence of a boundary condition
for the vorticity at the real tube wall. It is known (10)
that a unique, stable solution exists for a single elliptic
partial differential equation if the region under considera-
tion has a closed boundary with Dirichlet or Neumann
boundary conditions specified over the entire boundary.
It is assumed that this criterion can be extended to the
two coupled elliptic equations being considered here. From
the above boundary conditions, it is evident that the
uniqueness requirement is satisfied on all boundaries, ex-
cept the real tube wall where there exists a Cauchy con-
dition for the stream function but no boundary condition
for the vorticity. However, it is possible to generate the
following condition for the vorticity at the real tube wall
by evaluating Equation (9) at # = 1 and utilizing Equa-

tion (10):
o o = (3%/ar2) (15)

This equation guarantees that the normal derivative of
the stream function vanishes at r = 1 and, in addition,
provides a boundary condition for the vorticity in terms
of the radial stream function distribution in the tube.
Consequently, Equation (15) and the vanishing of the
stream function are considered to be the proper boundary
conditions at the wall of the real tube.

The second difficulty arises because the region under
consideration is infinite in extent in the z direction. Since
Equation (8) is nonlinear, the stream function and vortic-
ity equations must be solved numerically; in practice, it
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is not possible in the strictest sense to solve an elliptic
equation for an infinite region with a closed boundary
by a numerical method. To circumvent this difficulty, the
infinite region z = — o to z = + oo is mapped into the
finite region » = — 1 to n = + 1 by application of the
following coordinate transformation:

n = tanh kz (16)

This particular transformation is useful because it can
be chosen to be continuous throughout the entire region
if desired, and because it permits (by proper choice of
the parameter k) the amplification of the region near
z = 0, which is the region of greatest importance for this
flow situation. Substitution of Equation (16) into Equa-
tions (8) and (9) yields the following elliptic differential
equations:

K(1— ) [_i_"_"‘_+ii‘1’_i“’__l_ﬁ"’__"ﬁ_]
2 3y T 8y dr 1 Or oy
1 dw ®

. 2 [3201

NRe

or2 r or

9w
+ -k (o)~ —m 2] an
7 on
a&p) 3%
= ({l—a)2k2 | 22 —
Trew ( 1}) k 37;2 + )
el
_2k2,7(1_,,,2)_£._1.ﬂ. (18)
an r dr

Equations for Negligible Axial Diffusion of Vorticity

At high Reynolds numbers where the convective trans-
port of vorticity in the axial direction overwhelms the
axial diffusive transport, a standard order of magnitude
analysis shows that the axial diffusion term in the vortic-
ity transport equation is much smaller than each of the
other terms. Furthermore, the (8%)/9z%) term in Equation
(9) is negligible in comparison with the other terms of
this equation. Consequently, at high Reynolds numbers
Equations (8) and (9) reduce to

® Of 1 9 de 1 8¢ dw
2 0z r dz or r or 9z
82 19
=2 [_1 __m___‘"_] (19)
NRe or2 r or 2
%y 1 ay
=t .1 20
o or2 r or (20)

These equations can also be derived by first applying the
usual boundary-layer arguments (7) to Equations (1),
(2), and (3) and then by employing a definition of the
vorticity modified by order of magnitude considerations.
Equations (19) and (20) are second-order, parabolic dif-
ferential equations. It is known (10) that a unique, stable
solution exists for a single parabolic partial differential
equation if Dirichlet or Neumann conditions are specified
on an open boundary. The unspecified part of the bound-
ary must be at the positive infinite limit of the independ-
ent time variable (in this case, z). Once again this re-
quirement is met for the two coupled equations of inter-
est everywhere but on the real tube wall. This difficulty is
resolved in the manner described above. Consequently,
Equations (10), (11), (12), (13), and (15) are the
necessary conditions specified on an open boundary of the
infinite region composed of the stream tube and the real
tube.

If Equations (19) and (20) are solved subject to Equa-
tions (11), (12), and (13) for the region z < 0, 0 =
r = 1, there results

w=0 (21)
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b=g (1=r) (22)

U=1 (23)

for all z in the stream tube. It is evident that with no
axial diffusion of vorticity the flow field in the stream
tube is not influenced by the flow development in the real
tube; the velocity profile remains undisturbed until it
reaches the real tube entrance. The problem then reduces
to solving Equations (19) and (20) subject to Equa-
tions (10), (11), (15), (21), and (22) for the region
z 2 0, 0= r = 1. Consequently, in the limit of high
Reynolds numbers where the axial diffusion of vorticity
becomes vanishingly small, the entrance model proposed
above reduces to the familiar entrance flow model with
the boundary-layer equations describing the flow develop-
ment and with a uniform profile at the tube entrance.
Finally, it is convenient for numerical calculations to
eliminate the Reynolds number from Equation (19).
Substitution of the new independent variable

2z
{= 24
No (24)
into Equation (19) yields
w6¢+16\[lam 1l &% dw
2ol | r a o r or o
82 14
=22 222 (95)
ar2 r or 12

NUMERICAL METHODS OF SOLUTION
EHiptic Finite-Difference Equations

Because of the azimuthal symmetry of the infinite
cylinder comprising the flow field, it is possible to utilize
a rectangular grid composed of the region 0 = r = 1,
— 1 = 5 = 1 in deriving the finite-difference representa-
tion of the basic equations. The radial subscript 4 takes on
integer values between 0 and N and the axial subscript §
assumes integer values between — M and M. Introduc-
tion of the standard central difference approximations to
first and second derivatives (3) into Equations (18) and
(17) gives the following two elliptic finite-difference
equations for every interior point (i, j) of the finite-dif-
ference network:

AS i1+ BSyi;+ CSyi+1; = DSy -1
+ ES i1+ FSwiy; (26)

AW wij—1 + BW a; + CW 04+,
=DWaw_1,;+ EW Wi+1,j (27)

AS =1+ 1/2i (28)

BS = — 2k (%)2 [1—f (an)?2—2  (29)
7]

_K[1—72(an)?] 4

BW = i1 — Yij—1) + ——
22 (aq) (ar)? ($ig+1— dij—1) + Nea(ar)2
2 4k2[1 — j2(ag)2]?
+ NRe i2(Ar)2 NRe(A'I])z (35)
2kj

) Yi+1,i— Pi-1,j

CW = —k[1— j2(a z{ _
P | Gt an? N

ok

* Z\]Re(A"’I)2 [

1-72<An>21} (36)

_ K1—p(an)?]

4i(A’Y]) (Af)z (‘/’i;j"‘l - ‘I‘i,j—l)
2 :
+W (1'— 1/21) (37)

_k[1—j*(ag)?]

EW=c e——k -
4i(aq) (ar)2

(ij+1— Bij—1)

2 .
+ W (1 + 1/21) (38)

In order to obtain accurate numerical solutions, it is
necessary to expand the stream tube differently than the
real tube by introducing two different values of the
amplification parameter k into the numerical scheme.
Hence, for interior points with j > 0, the parameter k in
Equations (26) to (38) is replaced by k,, the real tube
expansion factor, and for interior points with j < 0 a
stream tube expansion factor ks must be used. In addition,
the coefficients of Equations (26) and (27) must be
modified for the interior grid points at j = 0 because of
the discontinuous derivatives with respect to the variable
n at that coordinate surface. Finite-difference equations
were derived for the grid points at § = O by utilizing
standard Taylor series techniques and by requiring that
the first, second, and third derivatives of the field vari-
ables with respect to z be continuous at = 0.

A successive implicit line iteration method (5) was
used to obtain the solution to Equations (26) and (27).
For this method, values of the approximate solution are
improved simultaneously on an entire line of grid points;
furthermore, improved values are used as soon as they
are available. At each value of § in the » direction, N — 1-
equations of the form of Equation (26), one for each
grid point, can be consolidated into a matrix equation
which can be solved by tridiagonal matrix inversion (3)
to give new values of the stream function at that grid
line. Similarly, at each value of i in the r direction, the
2M — 1 equations of the form of Equation (27) yield
a matrix equation with a tridiagonal coefficient matrix.
Again, a simple Gaussian elimination procedure facilitates
inversion of the coefficient matrix, giving new values of
the vorticity at the grid line of interest as the solution to

CS=1—1/2i (30)
Ar \2 20
ps =~k (22 ) 11~ planpe [ ——
M r=0
— jk2(ar)2 [1—2(4a9)2] (81) 6 =
2 L 04
A'rp ) [t [
RN L= plan)?] (@2) —
FS = i(r)? @3 [ ~ .
AW = k [1— (A )2]{ di+1,i— Yi—1,4 o4 \\.o'\
P 4i(an) (ar)? B I N O O B O \i T
2k[ 1— 1’2( A.,,)2] 2k7 } (34) ~L4 -L2 -0 -0.8 -06 —0;4 -0.2 [ 0.2 04 06
Nge(An)2 Nre Fig. 4. Velocity distribution, Nre = 1, kr = 1.2, ks = 1.0.
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the matrix equation. All of the boundary conditions enter
trivially into the iterative solution with the exception of
the condition for vorticity at the real tube wall. The fol-
lowing finite-difference torm of Equation (15) was de-
rived from a Taylor series expansion for the stream func-
tion:

_ HN-1i YN

- (ar)2 - 2(ar)? (39)

WN,j

The iterative method of numerical solution can be
summarized as follows:

1. Assume initial values for ¢ and o throughout the
interior of the region and for » on the real tube wall.

2. Calculate new values of ¢ for each of the 2M — 1
grid lines perpendicular to the axial direction (for each
value of §) by using a line-by-line matrix inversion tech-
nique with Equation (26).

3. Update the values of » at the real tube wall by us-
ing Equation (39).

4. Calculate new values of » for each of the N — 1
grid lines perpendicular to the radial direction (for each
value of i) by using the line-by-line matrix inversion
method with Equation (27).

5. Test ¢ and o to see if the convergence criteria are
satisfied.

6. Repeat steps 2, 3, 4, and 5 if necessary.

Each iteration of this computational scheme takes the
stream function and vorticity fields closer to the exact
solution (subject to round off error) of the finite-difference
equations. The finite-difference solution was considered
converged when an additional iteration did not cause
more than a 0.1% change in ¢ and o values at all grid
points. The relative convergence of the two field variables
was quite different, for when the vorticity field had
reached this convergence of 0.1%, all values of the
stream function had converged to a fractional error of
several orders of magnitude smaller.

In the numerical solution the grid size in the trans-
formed coordinate system is controlled by the values of
N and M, and the distribution of the grid points in the
2 coordinate system is controlled by the parameters k,
and k,. The accuracy which can be obtained with a given
grid size can be improved by changing the values of k.
and k, to obtain proper expansion of the transformed co-
ordinate systems of the real and stream tubes near the
tube entrance. For any given Reynolds number there
exists a range of values for these expansion parameters
which will give good accuracy. The values of the expan-
sion parameters which were employed in the several cases
analyzed are given in Figures 3 to 7. As the Reynolds
number is decreased, the velocity development takes

lace over more of the stream tube region and the ampli-
Ecation factor ks must subsequently be reduced. By simi-
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Fig. 6. Velocity distribution, Nre = 150, k» = 0.14, ks = 15.

lar reasoning, k, must be decreased as the Reynolds num-
ber increases because of the greater amount of flow de-
velopment in the real tube.

Poor choices for the values of k, and k, will not only
affect the accuracy of the finite-difference approximation
to the differential equations but can also lead to stability
problems. However, in this study it was always possible
to avoid completely any unstable behavior even at the
higher Reynolds numbers by judicious choices for k, and

5

The cases considered were first analyzed with a grid
network with N = 10 and M = 10. Then, solutions were
obtained on an expanded grid which was obtained by in-
creasing N to a value of 20 and by changing the values
of k- and k; to give a threefold increase in expansion in
the axial direction near the tube entrance. The excellent
agreement between the two solutions for all cases con-
sidered was considered a good indication that the finite-
difference solution had converged to the solution of the
original partial differential equations.

The excellent agreement between the numerical solu-
tion at Ng, = 0 and an analytical solution valid for very
low Reynolds numbers gave further evidence that the
local discretization error was everywhere small. Details
of the analytical solution are given in a subsequent com-
munication,

Once the vorticity and stream function arrays were re-
petitively iterated to the desired degree of accuracy, the
radial and axial pressure gradients were computed from
the finite-difference forms of Equations (1) and (2) (ex-
pressed in the 5 — r coordinate frame), and the axial and

radial velocities were calculated from the finite-difference
approximations to Equation (4) and to

CK1—w)
=TT

\% (40)

Total pressure drop was calculated by integrating the
axial pressure gradient at a given radius,

Parabolic Finite-Difference Equations

For the parabolic differential equations, it is necessary
to consider only the region 0 = 7 = 1, { = 0. Hence, the
radial subscript i in the finite-difference representation
again assumes integer values between 0 and N, but the
axial subscript § ranges from { = 0 to any value desired.
Substitution of the usual central difference approximations
for the radial derivatives and of a backward difference ap-
proximation for the first derivatives in the axial direction
(3) into Equations (20) and (25) gives the following
two parabolic finite-difference equations for every interior
point (4,7 + 1) of the finite-difference network:

(2 + 1) e —diiger + (28— 1) Yir1541
= 22(ar)3 wij+1 (41)
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FW wi—1,+1 + GW oy j+1 + HW op01541 = IW wj; (42)
R i
FW = 2 —i 4 va (41— ¥13) (43)

i
GW = —4i2—2 4 -ZZ— (Bi+rj+1— Pi—1,5+1)
+ 2(Yig+1— ¥i3)

| v: (44)
HW = 2i + i—:’c— (Yi541 ~ i) (45)
W = -g—z- (i + 1541 —i-1i+1) (46)

There are N — 1 equations of the form of Equation (41)
and an equivalent number similar to Equation (42) for
each grid line perpendicular to the direction of flow (for
each value of the subscript j 4 1).

'The solution of this parabolic flow problem can be ob-
tained from Equations (41) and (42) by solving the
N — 1 equations for the stream function and the N — 1
equations for the vorticity for each row and then proceed-
ing to the next row. Ordinarily, for a marching type of
problem, there is no need to utilize an iterative technique
in the numerical solution. However, since Equations (41)
and (42) are coupled nonlinearly and since vorticity and

stream function appear together in a boundary condition,

the following numerical technique was used to proceed
from the j* row (where the vorticity and stream function
distributions are known) to the (j + 1) row:

1. Assume N — 1 values of the stream function and N
values of the vorticity for the (j + 1) row.

2. Compute new values of ¢ for the (j + 1) row by
solving the N — 1 equations of the form of Equation
(41) by tridiagonal matrix inversion.

3. Use the newly generated values of ¢ and Equation
(39) to evaluate a new value for oy;+1.

4. Compute new values of o for the (j + 1)* row by
solving the N — 1 equations of the form of Equation (42)
by tridiagonal inversion of the square coefficient matrix.

5. Test ¢ and o for convergence of the iteration pro-
cedure. :

6. If the convergence requirements are not met, repeat
steps 2, 3, 4, and 5. If the convergence criteria are satis-
fied, proceed to the next axial step in the marching pro-
cedure.

With this computational scheme the solution is initiated
at the tube entrance ({ = 0), where the flow field is
known to be uniform, and is then marched down the tube.
To obtain an accurate solution it was necessary to use a
smaller axial increment near the tube entrance where
abrupt changes in the flow development occur than else-
where in the flow field. A solution was first obtained with
Ar = 0.05 and A = 5 X 10~% for the first twenty steps
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and Al = 5 X 1073 for all subsequent steps. The con-
vergence of each step in the solution was determined by
the same convergence test that was employed in the solu-
tion of the elliptic equations. The convergence of the
finite-difference solution to the solution of the parabolic
partial differential equations was verified by reproducing
the results with a finer grid consisting of Ar = 0.025,
AL(j = 80) = 1.25 X 1074, and A{(f > 80) = 5 X 10-3,
Axial and radia] velocities were calculated from the
finite-difference approximations to Equation (4) and to

NgeV = T"—" (47)

Radial pressure gradients are everywhere zero under
boundary-layer assumptions and axial pressure gradients
were calculated from the finite-difference form of

Ngre 83U + U 1 9 + 82U 1 oU
2 or a U2 o e |t or
(48)
The total pressure drop was calculated from
ap
T =2 (fl Ulrdr) +1—2 ft (0)r=1dL (49)

which was derived by integrating Equation (48) over the
entire tube.

RESULTS AND DISCUSSION

The results of the numerical solution of the boundary-
layer equations, as well as the analysis of the complete
set of field equations at five different Reynolds numbers,
are illustrated in Figures 1 to 9. Figures 1 and 2 show
how the transfer of vorticity from the tube wall is in-
fluenced by the Reynolds number. At a Reynolds number
of 250 (Figure 1) the convective transport of vorticity in
the axial direction is much greater than the diffusive
transport and very little vorticity is found in the upstream
region. On the other hand, at very low Reynolds numbers
such as illustrated in Figure 2, the diffusive mode of
transport becomes relatively large and substantial quanti-
ties of vorticity appear in the stream tube region.

The development of the axial velocity fields for the
different Reynolds numbers is illustrated in Figures 3 to
7. The velocity and vorticity fields are directly related;

2.0
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- reg berm—""17"
//
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u ‘\ I o7
1.0 :

P ——

08 08
06
04 o3
02 [ 1 1 | !

0 o0z 04 06 08 10 12 .4 46 .8 .20

{

Fig. 8. Velocity distribution from boundary-layer equations.
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TaBLE 1. CoMPARISON OF CASEs STUDIED

Case Ze 2z¢/NRe c
Boundary layer — 0.225 1.18
Nre = 250 26.75 0.214 1.28
Nge = 150 14.38 0.182 1.36
Nre = 50 4.70 0.188 1.40
Nre= 1 0.66 1.32 7.76
Nre= O 0.62 — —_

therefore, the degree of velocity profile development that
occurs upstream from the entrance increases as the Reyn-
olds number is decreased. However, even when Ng, = 0
(the physically unrealizable flow situation of Ng. = 0 is
meant to depict flow at very low Reynolds numbers, say,
at Np, << 1) substantial flow development occurs in the
real tube. At this limit the velocity profile development in
both regions is solely due to the diffusion of vorticity since
the convective mode of transfer is ineffective. A compari-
son of Figure 7 with Figure 8 indicates that at Ng, =
250 the axial velocity distribution obtained from the solu-
tion of the complete field equations closely approximates
the distribution obtained from the boundary-layer equa-
tions, the greatest deviation being near z = 0, the point
where the boundary-layer assumptions are least applic-
able. Hence, at Reynolds numbers equal to or greater
than 250, the boundary-layer equations adequately de-
scribe the flow field.

One interesting result that is not evident from the
velocity distribution plots is that in some cases the veloc-
ity profile exhibits a concavity near the center of the tube.
This effect was observed to be rather small with the maxi-
mum velocity never being more than 0.05% higher than
the centerline velocity. Wang and Longwell (13) ob-
served this same phenomenon in their numerical solution
for flow between paralle]l plates, and Dealy (4) has dis-
cussed the importance of such an effect on the stability
of flow. A much more pronounced effect was observed
by Wang and Longwell when they used zero vorticity as
a boundary condition at the entrance. However, such a
boundary condition is artificial and unrealistic, since there
is no way to stop the axial diffusion of vorticity at a par-
ticular point in the flow development. Like the analog in-
volving the axial diffusion of a chemical species as dis-
cussed by Wehner and Wilhelm (14), the only realistic
boundary condition is setting the value of the vorticity at
some ingnite limit.

The concavity in the velocity profile was not observed
below a Reynolds number of 50 and the magnitude of
this effect appears to increase with increasing Reynolds
number. The trend with Reynolds number is weak and
is not completely substantiated, since the concavities ap-
pear very close to the tube entrance in a region contain-
ig% only a few grid points. However, it can be weakly
inferred from these results that the concavity in the axial
velocity profile increases with Reynolds number and may
play a very important role in the stability of laminar flow
in tubes. '

The entrance length z., as. shown in Figure 9 and
Table 1, was defined as the dimensionless axial position
at which the centerline velocity reached 99% of its fully
developed value. It is evident that at the higher Reynolds
numbers the axial diffusion of vorticity causes some ve-
locity profile development upstream and, therefore, the
entrance length is smaller than that predicted by the
boundary-layer analysis. At very small Reynolds numbers
the axial diffusion causes the velocity development to be
spread downstream and the resulting entrance length is
larger than that predicted by the boundary-layer analysis,
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Fig. 9. Dependence of dimensionless entrance
length on Reynolds number.

which considers only the convective transport of vorticity
in the axial direction.

A total pressure drop was determined which is defined
as the difference between the pressure at the one infinite
limit of the stream tube and the pressure in the real tube
where the flow becomes essentially fully developed. An
excess pressure drop which is independent of radial posi-
tion can then be defined as the difference between the
total pressure drop and the pressure drop that would
occur if the flow were uniform in all parts of the stream
tube and fully developed in all parts of the real tube.
Consequently, the dimensionless excess pressure drop C
can be defined in the usual manner:

Ap 32z
————=——4C (50)
—1' Ua2P Nee

2

Table 1 shows that the dimensionless excess pressure drop
increases with decreasing Reynolds number and is greater
than that predicted by the solution of the boundary-layer
equations. :

Many investigators have analyzed the flow in the en-
trance of a tube by solving the boundary-layer equations.
The results of several of these investigations are compared
with the results of this study in Table 2, The investiga-
tions of Hornbeck (6) and Lemmon (8) involved the
numerical solution of the boundary-layer equations in
their conventional form, whereas the study of Campbell
and Slattery (2) is the most recent of the more approxi-
mate methods which have utilized momentum integrals
or a linearization of the equations of motion. The dis-
agreement between the excess pressure drop obtained
from the three numerical solutions may be due to the fact
that different calculation schemes were used to determine
the pressure distribution. On the other hand, there is ex-
cellent agreement between the velocity profiles obtained
from the three different numerical solutions.

TasLE 2. COMPARISON OF BOUNDARY-LLAYER SOLUTIONS

Investigator 22e/NRe c
This study 0.225 1.18
Hornbeck (6) 0.226 1.28.‘
Lemmon (8) 0.222 1.275
Campbell and Slattery (2) 0.244 1.18
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NOTATION

C = dimensionless excess pressure drop, defined by
Equation (50)

three-dimensional permutation symbol

i*® component of external force per unit mass
metric tensor

associated metric tensor

giik

i = determinant of metric tensor
= numerical expansion parameter

k., = expansion parameter for real tube

ks = expansion parameter for stream tube

Ng. = Reynolds number = 2R Ugp/u

p = pressure

Ap = total pressure drop

R = radius of tube

r = radial distance/radius of tube

Ar = radial finite-difference increment

Ty = stress tensor

t = time

U = axial component of velocity/average velocity in
tube

U, = average velocity in tube

V= radial component of velocity/average velocity in
tube

v; = covariant component of velocity vector

v* = contravariant component of velocity vector

z = axial distance/radius of tube

%z, = dimensionless entrance length

Greek Letters

ik eilk /\/g—

coordinate variable defined by Equation (24)
finite-difference increment for

coordinate variable defined by Equation (18)
finite-difference increment for 5

viscosity

density

dimensionless stream function

dimensionless azimuthal physical component of
vorticity vector

ith component of vorticity vector

EEDE B3 po~
A T T T

e

I

@
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APPENDIX

Vorticity Transport Equation in Curvilinear Coordinates

The covariant form of the equations of motion in curvilinear
coordinates is

av; .
s tz + pvivi; = pF; + gikTjp (AL)

and the stress tensor for an incompressible, Newtonian fluid
can be written as

Ty = —pgij + ulvi; + v54) (42)

In these equations, a comma denotes covariant differentiation
and the usual summation convention is employed throughout.
Substitution of Equation (A2) into Equation (Al) gives

ov;
at

where it has been assumed that the external force field is con-
servative so that the external force can be expressed as the
gradient of a potential:

p + poivy = — ppi — pui + ngioun (A3)

Fi=—¢, (Ad4)
By taking the curl of Equation (A3), we arrive at

3 emmivy ) , )
P pe™mivd vy 5 - petMiving

at
= — petmig ;. — enmip ;. ,ue"migjkvi,jkm (A5)
Since
wh = enmivi,m (AB)
enmivilmou = —oMO" (A7)

and since the curl of the gradient of a scalar is identically
zero, Equation (A5) reduces to the vorticity transport equa-
tion in curvilinear coordinates:

Ju”
dt

The first two terms on the left represent the unsteady
change and the convective transport of vorticity, whereas the
term on the right side of Equation (A8) depicts the diffusive
transport of vorticity. The third term on the left can be in-
terpreted physically (15) as vorticity generation due to the
deformation of the vortex tubes.

For the case of interest here, the body forces are prescribed
so that the azimuthal velocity is zero and the axial and radial
velocities are functions only of » and z. Hence, it follows from
Equation (A6) that the components of the vorticity vector are

(49)

(A8)

P + pOiu™j— puMOPm = p gike™, ji

wr=20 wt=0

1 ( dor vz )
0 = — —
r 9z or

Therefore, the only component of the vector vorticity trans-
port equation which remains is the azimuthal component,
which takes the following form at steady state:

w60

(A10)

+ wg.zz)
(All)

Evaluation of the covariant derivatives in Equation (All)
gives

( . Juwb " oWl 4o Juwb ) pUTwE
s lv v -

st (2

or r 0z r
azwo 3 awo 32«:9 )
= — (A12)
# ( ar? + r dr 922

where the convective transport terms have been separated
from the term that represents the stretching of the vortex lines.
Introduction of dimensionless variables and vector physical
components into Equations (A10) and (Al2) leads to Equa-
tions (7) and (8).
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